We have investigated dynamical evolution of electromagnetic perturbation in a scalar hairy black hole spacetime, which belongs to solutions in Horndeski theory with a logarithmic cubic term. Our results show that the parameter α affects the existence of event horizon and modifies the asymptotical structure of spacetime at spatial infinity, which imprints on the quasinormal frequency of electromagnetic perturbation. Moreover, we find that the late-time tail of electromagnetic perturbation in this background depends also on the parameter α due to the existence of solid angle deficit.
I. INTRODUCTION
The importance of studying dynamical evolution of external perturbations around a black hole is beyond any reasonable doubt because these dynamical evolutions are deeply connected with many important issues including the stability and identification of the black holes. In a black hole spacetime, the dynamical evolution for any kind of perturbations consists of three stages ( for a review, see [1] [2] [3] [4] ). The first stage is the initial outburst of the waves which completely depends on only the initial form of perturbation field. The second one involves the damped oscillation which is described by quasinormal mode with complex frequency. The real part of quasinormal frequency denotes the real frequency of the oscillation and the imaginary part represents the damping. The last one is the power-law tail of the perturbation field caused by backscattering of the gravitational field at very late time. It is certain that the quasinormal mode carries characteristic fingerprint of a black hole and it could offer a direct way to identify the black hole existence in Universe. The detection of quasinormal modes is expected to be realized through high sensitive detectors of gravitational wave in the near future. Apart from the astrophysical interest, the quasinormal mode has also been argued as a useful tool to test ground for fundamental physics, such as, the quantum gravity [5] [6] [7] and the AdS/CFT correspondence [8] [9] [10] , and also the phase transition of black holes [11] [12] [13] . At the late-time stage, it is well known that the behaviors of the massless perturbations fields for a fixed r are dominated by the factor t −(2l+3) in the usual four-dimensional spacetimes [14] [15] [16] . For the massive perturbations, the late-time tails are dominated by the oscillations with inverse power-law form t −(l+3/2) sin µt in the intermediate late time [17] [18] [19] . However, in the spacetimes with a deficit solid angle ( caused by global monopole [20] , cosmic string [21] or tensional brane [22] ), it is found that the late-time tails of perturbations also depend on the symmetry breaking scale.
Moreover, dynamical evolutions of perturbation fields in the background of a compact object without horizon (such as, neutron stars [23] [24] [25] , wormholes [26] [27] [28] [29] [30] ) have been investigated recently, which indicates that there exist gravitational echoes. Such kinds of gravitational echoes do not appear in the black hole background.
This can be attributed to the difference of the boundary conditions of perturbation field in these two kinds of background spacetimes.
Einstein's general relativity is considered probably the most beautiful theory of gravity at present. However, there are a lot of investigations focusing on the modification to Einstein's theory of gravity since modifying general relativity is one of promising ways to explain the accelerating expansion of the current Universe observed through astronomical experiments. Horndeski theory is such kind of alternative theories of gravity [31] . In Horndeski theory, the action contains higher derivatives of both metric g µν and the scalar field φ, but the equations of motion are at most the second order. Moreover, even though there are higher derivative terms, there exists no Ostrogradsky instability. These means that fields in Horndeski theory have good dynamical behaviors, which triggers the extensive applications of Horndeski theory in black hole physics and cosmology, particularly in the construction of cosmological models of inflation and dark energy (for a review, see [32, 33] ). However, the free parameters of Horndeski theory, especially the modifications from the Lagrangians L 4
and L 5 , are strongly constrained by the direct measurement of the speed of gravitational waves following GW170817 [34] [35] [36] [37] [38] . This means that the range of possible modifications from Horndeski theory has been reduced drastically. Recently, Tattersall et al [39] have looked at the allowed space of the actions in Horndeski theory to see which of them will lead to distinctive signatures around black holes. After adding a logarithmic cubic term [40, 41] in the action of Einstein's general relativity with a scalar field, they obtain a static scalar hairy black hole solution with three free parameters. This solution is not asymptotically flat due to the existence of a deficit solid angle, which could imprint in the dynamical evolution of matter field propagating in the spacetime. In this paper, we will study dynamical evolution of electromagnetic perturbation in this scalar hairy black hole spacetime.
The paper is organized as follows. In Sec. II, we review briefly the scalar hairy black hole solution obtained
by Tattersall et al [39] , and then analyse its spacetime structure and the corresponding thermodynamical properties. In Sec.III, we study quasinormal modes and late-time tail of electromagnetic perturbation in this background and probe effects of the spacetime parameters on the dynamical evolution of electromagnetic perturbation. Finally, we present a summary.
II. A SCALAR HAIRY BLACK HOLE IN HORNDESKI THEORY
Let us now to introduce briefly the black hole solution with scalar hair in the Horndeski theory. The most general action for the Horndeski theory with electromagnetic field can be expressed as [31]
where the Lagrangians L n are given by
respectively. Here φ is the scalar field with kinetic term X = −φ µ φ µ /2 where φ µ = ∇ µ φ. The quantity φ µν = ∇ ν ∇ µ φ, and the tensor G µν is the well-known Einstein tensor with the form
G i are arbitrary functions of φ and X, and G i,X correspond to the derivatives of G i with respect to X. F µν is the electromagnetic tensor, which is related to the electromagnetic vector potential A µ by F µν = A ν;µ − A µ;ν .
In order to obtain a black hole solution, one must solve the equations of motion for the gravitational field and scalar field which can be obtained by varying the action (1). In general, it is difficult to get an analytical solution in the Horndeski theory (1) even if the equations of motion are at most second order. Recently, Tattersall et al [39] obtain a four-dimensional static and spherical symmetric solution of black hole with scalar hair by choosing the action containing an logarithmic cubic term, i.e.,
where α is an arbitrary dimensionless constant and M P is the usual Plank mass. The choice of above actions is based on a consideration that the modifications from the actions L 4 and L 5 are strongly constrained by the direct measurement of the speed of gravitational waves following GW170817 [34] [35] [36] [37] [38] . Actually, the action (6) describes the modification to Einstein's general relativity with a scalar field by a logarithmic cubic term, which ensures the existence of the black hole solution with a scalar hairy [39] . It is found that in a standard hydrodynamical description for scalar field theories this logarithmic cubic form of the G 3 (φ, X) implies the diffusivity (i.e., a coefficient between the spatial gradient of the chemical potential and energy flow ) is just to be constant [40] . The metric of this hairy black hole solution has a form
where the parameter M is an integration constant related to the mass of black hole as in the Schwarzschild case, and the constant c is related to the scalar field φ. It is obvious that the spacetime (7) is not asymptotically flat since there is a deficit solid angle 4π(1 + 4α 2 ) −1 , which is similar to that in the global monopole spacetime.
FIG. 1:
The dependence of the existence of horizon on the parameter α and c. The regions I and II separated by curves c = c0 are corresponded to the cases of the spacetime (7) with horizons and no any horizon, respectively. Here, we set M = 1.
Moreover, the deficit solid angle decreases with the parameter α. When α tends to zero, the metric (7) approaches to that of Schwarzschild spacetime.
The position of event horizon of the black hole lies in
Solving this equation, we find that there exist a critical value for the existence of horizon in the spacetime (7)
which decreases with the parameter α. As shown in Fig.(1) , the critical curve c 0 (α) in the plane (α, c) splits the total plane into two regions I and II. In the region I with c < c 0 , we find that there exist two horizons for the spacetime (7), which is similar to that in the Reissner Nordström black hole spacetime. As the parameters lie in the region II (i.e., c > c 0 ), we can obtain that there is no horizon and the metric describes the geometry of a naked singularity. If c equals to the critical value c 0 , two black hole horizons degenerate and then the black hole is extremal. As α tends to zero, from Eqs. (8) and (9), one can find that the radius of event horizon r h approaches to 2M and the vaule of c 0 tends to infinity, which means that the horizon exists always and there is only a single horizon in this limit. Now, let us further discuss thermodynamical property of the black hole (7). Following Ref. [42] , we find that the energy E of the black hole can be written as
which depends on the parameter α. The entropy S, energy E and Hawking temperature T of the black hole (7) can be described by
Treating the constant c as a variable, one can the generalized force
And then we find that the first law takes the form
Obviously, in the case of a scalar hairy black hole (7), the form of the first law (15) depend on both the parameters α and c. The differential form of the first law becomes
which is explicitly independent of the parameter α. When α tends to zero, one can find that the quantities
which means that the forms of the first law (15) and (16) approach to those of Schwarzschild black hole in this limit.
III. QUASINORMAL MODES AND LATE-TIME TAIL OF ELECTROMAGNETIC PERTURBATION IN THE BACKGROUND OF A SCALAR HAIRY BLACK HOLE
In this section, we focus only on the case where the horizon exists and then study the dynamical evolution of the electromagnetic perturbations in this background. For the scalar hairy black hole spacetime (7), one can expand electromagnetic vector A µ in spherical harmonics [43] A
where l and m are the angular quantum number and the azimuthal number, respectively. The first term in the right side has parity (−1) l+1 and the second term has parity (−1) l . Adopting the following form
and then inserting the above expansion (18) into the usual Maxwell equation,
one can obtain three independent coupled differential equations. Eliminating k lm (r), we can get a single second order differential equation for the electromagnetic perturbation
where r * is the tortoise coordinate defined as dr * = 
but for the even parity (−1) l , it has
However, the effective potential V (r) in Eq. (22) is independent of the parity of the perturbation, which is the same as that of free electromagnetic perturbation in the usual static black hole spacetimes. The effective potential V (r) in Eq. (22) can be written as
It is obvious that the parameters α and c emerge in the effective potential, which will affect the dynamical evolution of the electromagnetic perturbation in the scalar hairy black hole spacetime (7).
Without loss of generality, we here focus on the fundamental quasinormal frequencies of perturbation field.
To obtain the fundamental quasinormal frequencies of the electromagnetic perturbation around the scalar hairy black hole (7), we can adopt the 6th-order WKB approximation [44] . The formula for the complex quasinormal frequencies ω in this approximation can be expressed as
n is the overtone number and r p is the value of polar coordinate r corresponding to the peak of the effective potential (25) . The expressions for Λ 2 ∼ Λ 6 can be found in [44, 45] . With this formula and the effective potential (25), we can get the quasinormal frequencies of electromagnetic field in the scalar hairy black hole spacetime (7). The fundamental (n = 0) quasinormal frequencies of electromagnetic field for l = 2 in the four-dimensional scalar hairy black hole spacetime (7).
We here list the fundamental quasinormal frequencies for l = 1 and l = 2 in Tables I and II, respectively. It is obvious that quasinormal frequencies depend on parameters α and c. For fixed c, we find from Tables I and II that the real part of quasinormal frequencies increase monotonously with α for l = 1 and l = 2, which is shown in Fig.(2) . However, the change of the absolute value of imaginary part with α becomes more complicated. With the increase of α, from Fig.(2) , we find that the absolute value of imaginary part increases monotonously for the cases with the smaller c, but it first increases and then decreases for the cases with (2)- (3), we can obtain that the dependence of quasinormal frequencies on c is no significant as α is smaller, which is understandable since the contribution of term containing c to the effect potential V (r) in Eq. (22) is tiny in the small α cases.
Finally, we extend our discussion to the late-time tail behavior of the electromagnetic perturbation in the background of a scalar hairy black hole spacetime (7) . It is well known that the late-time behavior of perturbation fields is determined by the backscattering from asymptotically far regions and the leading contribution to the Green's function comes from the low-frequency parts. Adopting the low-frequency approximation and neglecting terms of order O(( M r ) 2 ), one can expend the wave equation (22) for the electromagnetic field as a power series in M/r
After some similar operations in Refs. [14] [15] [16] , we find that in the background of a scalar hairy black hole spacetime (7), the asymptotic behavior of the electromagnetic perturbation at timelike infinity is described by the Green function
Thus, for the electromagnetic perturbation in the background of a scalar hairy black hole spacetime (7), the late-time tails are dominated not only by the multiple moment l, but also by the parameter α, which is similar to that in the global monopole spacetime. It can be explained by a fact that these spacetimes own the similar asymptotical structure at spatial infinity due to the existence of solid angle deficit. As α → 0, the late-time tail becomes t −(2l+3) , which is consistent with that in usual Schwarzschild black hole spacetime. Moreover, we find that the presence of the parameter α makes the field decay more rapidly. It implies that the spacetime properties arising from the logarithmic cubic term G 3 (φ, X) = −αM P log(−X) in the action (1) play an important role in the dynamical evolutions of the electromagnetic perturbation in the background of a scalar hairy black hole (7).
IV. SUMMARY
In this paper, we have investigated dynamical evolution of electromagnetic perturbation in a scalar hairy black hole spacetime, which belongs to solutions in Horndeski theory with a logarithmic cubic term. The parameters α and c affect the existence of event horizon and modify the asymptotical structure of spacetime at spatial infinity due to the existence of solid angle deficit. These properties caused by the spacetime parameters affect sharply the quasinormal frequencies and late-time tail behaviors of electromagnetic perturbation. For fixed c, our results show that the real part of quasinormal frequencies increase monotonously with α for l = 1 and l = 2. However, the change of the absolute value of imaginary part with α depends on the angular quantum number l, the spacetime parameters c and α. With the increase of α, the absolute value of imaginary part increases monotonously for the cases with the smaller c, but it first increases and then decreases for the cases with the larger c. For fixed α, the change of the absolute value of imaginary part with the parameter c are the monotonously decreasing functions of c in both cases l = 1 and l = 2, but the real part becomes more complicated. The real parts for both l = 1 and l = 2 decrease monotonously with the parameter c for the smaller α. With the increase of α, the real parts become gradually a first increasing and then decreasing function of c, and finally they become a strictly increasing function of c. Finally, we find that the late-time tails of electromagnetic perturbation in the background of a scalar hairy black hole spacetime (7) depend also on the parameter α due to the existence of solid angle deficit. The presence of the parameter α makes the field decay more rapidly. It implies that the spacetime properties arising from the logarithmic cubic term G 3 (φ, X) = −αM P log(−X) in the action (1) play an important role in the dynamical evolutions of the electromagnetic perturbation in the background of a scalar hairy black hole (7). 
